ABSTRACT
INTRODUCTION
In the last few decades, there has been a growing interest in the research of new numerical techniques for approximating the solution of second order initial value problem of the form y" = f (x, y), y(x 0 ) = y 0 , y'(x 0 ) = y' 0 ,
which is independent on y' explicitly. This type of problem arises in different fields of science and engineering, which includes quantum mechanics, celestial mechanics, molecular dynamics, quantum chemistry, astrophysics, electronics and semi-discretizations of wave equation. Numerous numerical methods have been derived for approximating the solutions of (1), some of which are Runge-Kutta methods, Runge-Kutta Nyström methods and linear multistep methods. For the Runge-Kutta methods and other related methods specifically derived for approximating the solutions of first order initial value problems (IVPs), the second order IVPs need to be transformed to a system of first order IVPs so that the methods can be applied. In the quest for methods that best approximate the solution of (1), many authors considered different modifications on Runge-Kutta methods, multistep methods and Runge-Kutta Nyström methods, such work can be seen in Al-Khasawneh et al. (2007) ; Butcher (2008) Dormand et al. (1987) , Franco (2006) , Ming et al. (2012) , Senu et al. (2010) and Simos (2002) . Hybrid type methods related to multistep methods have been proposed by many authors for approximating the solutions of (1) (Simos 2012 (Simos , 1999 Tsitouras 2002) . Franco (2006) proposed explicit two-step hybrid methods up to algebraic order six with less computational cost by using the algebraic order conditions of twostep hybrid methods developed by Coleman (2003) . In furtherance to this, Ahmad et al. (2013) proposed semiimplicit hybrid methods up to algebraic order five. In the numerical integration of oscillatory or periodic problems, consideration of dispersion and dissipation errors is very important. The higher is the order of the errors for a method, the more efficient it is for solving oscillatory problems. Highest order of dispersion achieved for constant coefficients two-step hybrid method in the literature is eight (Franco 2006) . Dispersive of order infinity two-step hybrid methods which coefficients are variables depending on the frequency of the problem to be solved were derived by Ahmad et al. (2013) , Dizicheh et al. (2012) and Fang and Wu (2007) .
In this paper we present a trigonometrically fitted two-step hybrid method based on zero-dissipative five stage fifth order hybrid method derived by Yusuf Dauda (2014) . Again, the coefficient of the method depends on the frequency of the problem to be solved; hence the frequency of the problems must be known in advance.
The issue of how to choose the frequencies in trigonometrically fitted techniques if the frequency is not known in advance is very difficult. This problem has been considered by Vanden Beghe et al. (2001) whereby the frequency is tuned at every step by analyzing the local error. In their work, Ramos and Vigo-Aguiar (2010) conjectured that the frequency depends on the numerical method, the problem to be solved together with the initial value as well as the stepsize chosen.
Hybrid method can be written as follows:
where y n + 1 and are approximations to y(x n+1 ) and y(x n ) respectively. The paper is organized as follows: The dispersion and dissipation analysis of two-step hybrid methods are given in the next section. In section that follows, we look at the stability aspect of the method followed by the derivation of the method next. Numerical results and discussion is given in the next section and finally the conclusion is given in the last section.
DISPERSION AND DISSIPATION ANALYSIS
In this section we discuss the dispersion and dissipation of explicit hybrid methods. Consider the homogeneous test problem,
By replacing f (x, y) = -λ 2 y into (2) and (3) we have:
Alternatively (4) and (5) can be written in vector form as:
From (4) we obtain:
We substitute (6) into (5) and obtained:
Rewrite (7) and the following recursion is obtained,
where
c.
The solution of the difference equation (8), (Van der Houwen & Sommeijer 1987 ) is given by,
and the solution to the test problem is,
where ρ is the amplification factor, ϕ is the phase and ω, δ, ψ are real constants. The definition formulated by Van de houwen and Sommeijer (1987) follows immediately. 
STABILITY ANALYSIS
In the analysis of stability of explicit hybrid methods, the test equation y"(x) = -λ 2 y(x) need to be solved using the method. Rewriting equation (8) gives the stability polynomial of the method as:
The magnitude of the dispersion and dissipation errors is an important feature for solving second order IVPs (1) with periodic or oscillating solutions. In such problems, it is also important that the numerical solution obtained from the difference in (8) should be periodic as it is the exact solution of the test equation y"(x) = -λ 2 y(x). This is true only if its coefficients satisfy the following conditions (Franco 2006) ,
where (0, ) is known as the interval of periodicity of the method. With this, the method is said to be zero-dissipative since S(z) = 0, which implies that the order of dissipation of the method is infinity. On the other hand, if the order of dissipation is finite that is S(z) ≠ 0, then absolute stability of the method is guaranteed on the following condition;
and the interval (0, ) is known as the interval of absolute stability of the method. The method derived in this paper is periodic because of the zero-dissipative property of the method.
METHODS
Trigonometrically fitted methods are generally derived to exactly approximate the solution of the IVPs whose solutions are linear combination of the functions:
where α can be complex or a real number. Suppose
, were i = is an imaginary unit, is the solution of (1). Then applying (2) to G(x) generates the following recursive relations (Fang & Wu 2007) ,
The relations replace the equations of algebraic order conditions of two-step hybrid method, which can be solved to give the coefficients of a particular method based on existing coefficients for solving problem of the form (1).
The algebraic order conditions of two-step hybrid methods derived by (Coleman 2003 
Equations (11)- (18) are the equations of order conditions for five stage fifth order trigonometrically fitted hybrid method that replaced equations of algebraic order conditions of the original method. To obtain the coefficients of the method we solve the system of eight equations, (11)-(18), together with some additional equations from algebraic order conditions of order five, namely;
These sums up to eleven equations with seventeen unknowns' parameters. The equations are solved in terms of six free parameters (c 3 = 1, c 4 = c 5 = -a 43 = 0, a 53 = a 54 = 0), whose values are obtained from the coefficients of HM5(5,6,∞), presented in Table 1 as obtained from (Dauda Yusuf 2014) . Equations (19)- (21) are chosen to augment the updated (17)-(18) so that b i are not taken as free parameters.
−500000000000 cos(z) sin It can be seen from above that as z tends to zero the algebraic order five conditions are recovered, which implies that the coefficients of trigonometrically fitted fifth order method satisfies algebraic order five conditions.
RESULTS
Presented in this section are numerical results of the trigonometrically fitted zero-dissipative fifth order hybrid method derived in the paper denoted by TFZDHM5. The method is applied to Problems 1-6 presented as follows:
Problem 1 (Non-linear problem) y"(x) = -π sin(πx), y(0) = 0, y'(0) = 1. The results are tabulated together with those of existing codes in the literature for the purpose of comparison. The interval of integration are taken to be 100, 1000 and 10000, respectively.
Numerical results of trigonometrically fitted zerodissipative fifth order hybrid method applied to Problems 1-6 with different step sizes and integration intervals are tabulated in this section. Both small and large integration intervals are considered to measure the stability of the methods when solving highly oscillatory problems.
It can be seen from Tables 2-7 that the accuracy of TFZDHM5 diminishes as h grows smaller, especially for problems with small frequencies. This is because the 1.400000 × 10 2.931900 × 10 Mohamad et al. (2012) method approaches the original method as h → 0. For problems with large frequency, TFZDHM5 performs far better than the original method as well as other methods considered.
CONCLUSION
In this paper trigonometrically fitted hybrid method based on the existing zero-dissipative hybrid method was derived.
The method was applied to highly oscillatory problems. The results obtained were compared with those of existing methods in the literature. From the numerical results obtained, we can conclude that the new trigonometrically fitted hybrid methods approximate the solution of highly oscillatory problems better than trigonometrically fitted hybrid methods that are based on higher dispersive and dissipative methods. Digits=50 was used in MAPLE 16 environment for implementing all the methods on the problems.
